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Covariance of the one-dimensional mass power spectrum
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ABSTRACT

We analyse the covariance of the one-dimensional mass power spectrum along lines of sight.
The covariance reveals the correlation between different modes of fluctuations in the cosmic
density field and gives the sample variance error for measurements of the mass power spectrum.
For Gaussian random fields, the covariance matrix is diagonal. As expected, the variance of
the measured one-dimensional mass power spectrum is inversely proportional to the number
of lines of sight that are sampled from each random field. The correlation between lines of
sight in a single field may alter the covariance. However, lines of sight that are sampled far
apart are only weakly correlated, so that they can be treated as independent samples. Using
N-body simulations, we find that the covariance matrix of the one-dimensional mass power
spectrum is not diagonal for the cosmic density field due to the non-Gaussianity and that the
variance is much higher than that of Gaussian random fields. From the covariance, one will be
able to determine the cosmic variance in the measured one-dimensional mass power spectrum
as well as to estimate how many lines of sight are needed to achieve a target precision.
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1 INTRODUCTION

The one-dimensional mass power spectrum (PS) and its relation to the three-dimensional mass PS has been frequently utilized to recover the
linear mass PS from the Ly« forest (Croft et al. 1998, 1999, 2002; Gnedin & Hamilton 2002; Kim et al. 2004). This opens a great window for
studying the large-scale structure of the Universe over a wide range of redshift. As one starts to attempt precision cosmology using the Ly«
forest (Croft et al. 2002; Mandelbaum et al. 2003; Spergel et al. 2003), it becomes necessary to quantify systematic uncertainties of the PS
analysis including the covariance.

For an ensemble of isotropic fields, the one-dimensional mass PS P p(k) is a simple integral of the three-dimensional mass PS P ;p(k)
(Lumsden, Heavens & Peacock 1989)

1 [o¢]
Pip(k) = %/ Pyp (k)K" dk’, @)
k

where k is the line-of-sight (LOS) wavenumber. However, there is only one observable Universe. One has to replace the ensemble average
with a spatial average. For instance, one may sample multiple LOS densities from the three-dimensional cosmic density field and use the
average PS of the one-dimensional densities in place of the ensemble-average quantity.

The covariance of the spatial-average PS may differ from that of the ensemble-average PS for at least two reasons. First, LOSs are no
longer independent of each other. Correlations between close LOSs could increase the covariance of the one-dimensional mass PS, although
they may also be used to extract cosmological parameters from the Lyo forest (Hui, Stebbins & Burles 1999; McDonald & Miralda-Escudé
1999; Viel et al. 2002; McDonald 2003; Rollinde et al. 2003). Secondly, the length of each LOS is always much less than the size of the
Universe, so that false correlations between different modes are introduced in the covariance (for the three-dimensional case, see Feldman,
Kaiser & Peacock 1994). Because the cosmic density field is highly non-Gaussian on scales of interest, N-body simulations are helpful for
quantifying the covariance.

The rest of the paper is organized as follows. In Section 2 we briefly describe the notation and the convention of Fourier transforms, the
three-dimensional mass PS, and its covariance. The spatial-average one-dimensional mass PS and its covariance are derived in Sections 3 and
4, respectively. The effects of the LOS length are discussed in Section 5. In Section 6 we present numerical results of the covariance from
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N-body simulations with different box sizes. The conclusions and discussions are given in Section 7. Unless specified otherwise, the PS refers
to the mass PS.

2 THREE-DIMENSIONAL POWER SPECTRUM

We assume the following convention of Fourier transforms for a cubic density field of volume V = B3:

o0

S(n) — / a(x)e—2nin~x/8 dx, 8(x) = % Z S(n) e2minx/B 2)
v

n=-—0oo

a . . B . . o0 . . . o0
Here, §(x) and 6(n) are the overdensity and its Fourier counterpart, respectively, the summation anﬂc is an abbreviation for Zn] = 00”
and the wave vector k = 27tn/ B. With the understanding that Fourier modes exist only at discrete wavenumbers (i.e. 71, 11, and n; are integers),

one may use k and n interchangeably for convenience. To be complete, the orthonormality relations are

0
1 —27ti(n—n')-x/B __ <K 1 27tin-(x—x')/B __ D ’
V/ve de =8, VZe =8P —x), 3)

n=-—00

where S,Iin, is the three-dimensional Kronecker delta function, and §°(x — x’) the Dirac delta function.
The three-dimensional PS of the Universe is defined through

BUS K" = Pp(k)V 8y, “
where ( ... ) denotes an ensemble average. One may define an observed PS, Pip(k) = 18(k)2 /V, so that Psp(k) = (P;p(k)). Note that a
shot-noise term should be included if the PS is measured from discrete objects, and it is inversely proportional to the mean number density

of the objects. We neglect the shot noise in this paper. For an isotropic universe, P;p(k) is a function of the length of k only, i.e. P3p(k) =
P3p (k). The four-point function of 8(k) is

(k)8 (K5 ("5 (k")) = V[ Pp(k) Psp (K" )85 855 o + Pap(k) Pap (k)8 S | + VT e, =K' K", k"), ®)

n,n'“n’ .0 n,n"' “n’ .n
where T is the trispectrum, and we have restricted the wave vectors to be in the same hemisphere so that the term P ;3p(k) P 3D(k’)8,],f 7”,,85_7,‘”,
does not appear. There is aredundancy in the variables of the trispectrum, which has only six degrees of freedom arising from relative coordinates
of the four points under the constraint of homogeneity (Peebles 1980). It is evident from the four-point function that the covariance of the

three-dimensional PS is (see also Meiksin & White 1999; Cooray & Hu 2001)

ok, k') = ([Pap(k) — Psp(O)][Psp(k') — Pip(K)]) = Py, (K)S), + V' Tk, k. k', —k'). (6)

For Gaussian random fields (GRFs), the trispectrum vanishes, and o%(k, k') = P%D(k) 8,'1(_",. In reality, the survey volume is always smaller

than the observable Universe, and the survey geometry is more complex than the simple case we have assumed. These lead to a modification

of the covariance for GRFs (Feldman et al. 1994)

[ uP(x) e kx gy ? o
Ju?(x)dx |

where u(x) is a weight function that depends on the survey volume and geometry, and the shot noise is neglected. For the low-redshift cosmic

ok, k') ~ P (k)

density field, the non-Gaussianity can dramatically boost the elements of the covariance matrix through the trispectrum.

3 ONE-DIMENSIONAL POWER SPECTRUM

For a LOS density that is along the x3-axis and sampled at (x, x), the one-dimensional Fourier transform gives

B o]
n . 1 ~ .
Bxi,my) = / B)e Iy = Y By ny) @ ®)
0 n;=—o0
where the subscript L signifies the first two components of a vector (i.e. x; = (x, x)). Similar to the three-dimensional PS, the one-
dimensional PS is expected to follow

(8(x 1, n3)8*(x 1, ny)) = Pip(n3)BSK ©

n3.ny’
Substituting equation (8) in equation (9) and making use of equation (4), one finds the relation between the one-dimensional PS and the
three-dimensional PS

oo
Pip(n3) = % > P, ny), (10)
n;=—00
which is a discrete analogue of equation (1).
Practically, one measures PSs of LOS densities sampled at some locations, e.g. Pip(x 1, k3) = 18(x 1, k3)|2 /B. A simple estimator of the
one-dimensional PS may be constructed by a spatial average over many LOSs, i.e. Pip(k3) = (Pip(x 1, k3))x,, Where (...)y, runs over all
LOSs sampled in a single universe. To assess the performance of the estimator, two questions need to be addressed. (i) How does P;p(k3) relate
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itself to Psp(k)? (ii) What is the covariance of P;p(k3) with respect to Pp(k3)? The rest of this section answers the former, and Section 4 the
latter.
For simplicity, we assume that LOSs are sampled regularly in transverse directions at an interval of b = B/m, where m is an integer.

Each LOS has alength of B,and x, =1, b with/,,l, =0, ... ,m — 1. The estimated one-dimensional PS is then
m—1 o] 2 00
1 o i d 1 o o .
Pio(ns) = —e > | Y i) @™ = oo Y T Sy ng) 8t m ). (in
1,=0|n;=—00 nj,j,=—00

where the equality

m—1

l 27ti(n—n")l/m __ (SK
m € — Yn,n'+mj

=0

j=0%1,..., 00 (12)

has been used to obtain the last line in equation (11). It is easy to show with equation (11) that

Pip(k3) = (Pip(ks)) = (Pip(xL, k3)). (13)

Note that there is no spatial average on the far right side of equation (13). It seems that only in the limit m — 0o do Pip(k3) and Psp(k) follow
the same relation as equations (1) and (10), i.e. Pip(k3) = Z:OF_OO Pspk, , k3)/B?, where we have assumed §(co) = 0 so that only j, =
(0, 0) terms contribute. In other words, to reduce the uncertainties of the recovered P;p(k) and P;p(k), one has to increase the sampling rate
in the transverse direction.

Without losing generality, one may choose m to be even, so that equation (11) can be rearranged into

m/2 [}
1 1
Pions) = 25 Y Pipmin) =25 > P+ An), (14)
ny=-mj/2 n;=—o0
where
s 2
Pip(n.n3) = < .Z Smi+mj )|, (15)
Ji=7
and
1 o) m/2
A=z D Y St mjn)E i mG o+l (16)
Judl = oo MM
JL#0

Equation (14) provides two equivalent views of the sampling effect. On one hand, the one-dimensional PS is a sum of the aliased three-
dimensional PS, P}, (k), that is sampled by a grid of m x m LOSs. On the other hand, it is a complete sum of the underlying three-dimensional
PS with an extra term A(k3) that is determined by the sampling rate and properties of the density field.

The discrete Fourier transform cannot distinguish a principal mode at |k| < knyq from its aliases at k £ 2kyyq, k &= 4knyq, - .., Where
knyq s the sampling Nyquist wavenumber. For example, knyq = 71/b if one samples the field at an equal spacing of b. The alias modes will
be added to the principal mode if they are not properly filtered out before sampling (for details, see Hockney & Eastwood 1981). Because
the cosmic density field is not band-limited, aliasing can distort statistics of the field. The distortion on the three-dimensional PS cannot be
quantified a priori, because it depends on relative phases between the principal mode and its aliases. The alias effect is less pronounced, if
amplitudes of the alias modes are much smaller than that of the principal mode. Because the three-dimensional PS decreases toward small
scales, a high sampling rate (or kyyq) can suppress aliasing for modes with k < kyyq.

If the Fourier modes of the density field are uncorrelated, the term A(k;) may be neglected even for a finite number of LOSs and
therefore validate equation (10). Strictly speaking, A(k3;) vanishes only as an ensemble average over many GRFs, but because there are so
many independent modes in a shell of radius around k — especially at large wavenumbers — the summation in A(k3) will tend to vanish even
for a single GRF. The cosmic density field is more Gaussian at higher redshift, so equation (10) may be a good approximation then. At low
redshift, however, the non-Gaussianity alters the statistics of one-dimensional fields (see, for example, Amendola 1994), such that one might
only be able to recover a heavily aliased three-dimensional PS from a sparse sample of LOSs.

4 COVARIANCE OF THE ONE-DIMENSIONAL POWER SPECTRUM

The covariance of the PS is of interest because it tells us how likely an estimated PS is to represent the true PS and how much the modes on
different scales are correlated. For the one-dimensional PS, the covariance is defined as

oipks, k) = ([Pin(ks) — Pip(ka)l[Pin(k;) — Pip(k3)]). an
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The covariance of the mean PS of N LOSs that are sampled in a single field can be expanded into a sum of pairwise covariances between two
LOSs separated by S'/J_[ =x| — x|, eg

N
’ 1 ’ j
oin(ks. k) = 5 > o (ks Kyist). (18)
=1
where
ot (ks. ks ) = ([P (¥]. ks) — Pin(ks)] [Pin (x'. K5) = Pin(k5)] ).
and xi is the location of the jth LOS in the x ;—x; plane.
For GRFs, the four-point function (equation 5) helps reduce the pairwise covariance to

oo

1 N N / Rl [k 1
ofpns i) = = > (S n)8 @, ndm L n)s @ nl)

/
nyn' n'ln''=—o00

; AN 7yl
% ezml("i"u*ﬂ*'("L—"ﬁ'HJ/B _ PID(n3)P1D(ng)

2

1 . (19)
= D Po@in)em™ sk = 156 )P

n3,ny
n;=—00

where the subscript and superscript are dropped for s. Fourier transforms of £ (s, k3) will give the three-dimensional PS and correlation function
of the density field, and P p(k3) = £(0, k3) (see also Viel et al. 2002). Because of isotropy, the pairwise covariance ofD(lq, ks s) and £(s,
k3) depend only on the magnitude of the separation, i.e. ofD(lq, ki s) = U%D(k3, ky;s)and &(s, k3) = &(s, k3).

If one LOS is sampled from each GREF, the variance of the measured one-dimensional PS Pip(k3) is 03, (k3, k3) = o2 (ks, k3; 0) =
P%D(,d), analogous to the three-dimensional case. If N = m? LOSs are sampled in each GRF on a regular grid as in Section 3, e.g. s =

(I1 —1') b, the covariance becomes
2

—1 %) m—1
1 < ) 1 , L
(J'IZD(VBs n%) = m Z U]ZD[n’j, }’lg; (IL - lL)b] = W Z P3D(nl, n3)P3D(nL, 1’13) Z eZm(nL nL)li/ 5;(3,%
10 =0 nyn'| =-o0 ;=0
1 « ,
=5 Z Psp(ny, n3)Psp(ny +mj ng)éiﬂg, 20)

ny,ji=-00
where we have used equation (12) to reach the last line. This result can be easily obtained using equations (5) and (11) as well. It is seen that
the summation in the last line of equation (20) runs over only one mode out of every N modes in the Fourier space. If the three-dimensional
PS were constant, the variance of the mean PS of the N LOSs would be N times smaller than the variance of the PS of a single LOS. This is
coincident with the theory of the variance of the mean. Because the cosmic density field is not a GRF in general, equation (20) is not expected
to give an accurate estimate.
If the N LOSs are sampled randomly in each GREF, the summation over LOSs in the second line of equation (20) should be recast to read

o] N
oip(n3, ny) = ﬁ D Pao(ny, n) Pl n3) Y I EL IS 21
i =—c0 jil=1
Because xi is randomly distributed, the second sum in equation (21) tends to vanish for a large number of LOSs except when j = /. Thus,
one obtains
1
NB*

o0
012]3("37 n’3) = Z Psp(n, n3)P3D("L n3) 5,];{,,% = %an(ns) 5,]1(3,,,;- (22)
nyn'| =—00
Again, it shows that the variance of P;p(k3) is inversely proportional to the number of LOSs, but this is valid only for a large number of LOSs
randomly sampled in a GRF.

Through the Gaussian case one can find the lowest bound of the uncertainty for a measured one-dimensional PS and the minimum number
of LOSs needed for a target precision. For example, to measure the one-dimensional PS of GRFs accurate to 5 per cent on every mode, one
needs at least 400 LOSs. However, the cosmic density field has a far more complex covariance due to its non-vanishing trispectrum, and it
can have a much larger variance of the measured one-dimensional PS.

The trispectrum introduces an extra term to the covariance of the one-dimensional PS in addition to the Gaussian piece (equation 20), i.e.

1 1
ol (ns, ny) = 5 Z Pyp(ny,n3)Pip(ny +mj |, n3)52,n§ + ETlD('lz, ny), (23)
ny,ji=-00
where
] o0
Tp(ns.ny) =25 > Ta—n—mjn’,—n'—mj), (24)

ny,j.n . j| =—oc0
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ny,ji,n,and j' are the transverse components of n, j, n’, and j’, respectively, and j3; = j; = 0. In deriving equation (23), we have made
use of equations (5) and (11).

5 LINE-OF-SIGHT LENGTH

Observationally, the length of a LOS is always much less than the size of the observable Universe. For example, in the case of a pencil-beam
survey, the length is limited by the depth of the survey. For the Ly forest, it is often determined by the distance between the starting redshift
of Ly and Lyp lines. Damped Ly« systems and other astrophysical or instrumental factors can break the spectrum into yet shorter chunks.
Even if a very long LOS were obtained, one might still wish to measure the PS on smaller segments to avoid evolutionary effects. To account
for the length of LOSs, the one-dimensional PS and its covariance must be reformulated.

For a LOS from (x ;, 0) to (x|, L), its Fourier transform is

g - 27ifi3x3 /L L < 2 27ting x| /B e?mis /B

8 , ~ — 5 , —27Tn3x3 d [ 8 mn| x| - , 25

(x1,73) /0 (x1,x3)e X3 = 23 Z (n)e 2miiL/B =7 (25)

n=—oo

so that

- - L2 &

(L. i i) = 25 D Po(myw(ns, isyuw(ns, i), (26)
n=—oo

where

wins, iy) = (— 1y L/ B = o)) @7)
(n3L/B —fiz)m

The function w(ns, fi3) is a window function that mixes Fourier modes of the density field along the n; direction into the one-dimensional

Fourier mode at 7i3. Because w(ns, ii3) and w(ns, 715) are not orthogonal to each other, the term (8(x 1, i3)d*(x 1, 7i%)) is no longer diagonal

with respect to 7i3 and /5. However, it remains diagonal-dominant.

One may define the observed one-dimensional PS at x | as
Pio(x..iiz) = (18(x .. i3)2) /L. (28)

The ensemble-averaged one-dimensional PS is

- ~ L <
Pip(7i3) = (Pip(x 1, 13)) = g Z Pip(m)w’(ns, ii3). (29)

For GRFs, the covariance of ﬁD(fn) is
6573, ity) = ([ﬁlD(xls i3) — ?1D(ﬁ3)][ﬁ1D(XL, il3) — ;11)('7%)])
L N L (30)
=% D Po@ P wns, s, iwns, iz, 7).

n.n'=—o0

As expected, the covariance is not diagonal because of the window function w(ns, fi3).

6 N-BODY TESTS

Even at moderately high redshift, the cosmic density field is already quite non-Gaussian on scales below 10 4~! Mpc. When projected in one
dimension, the small-scale non-Gaussianity will obviously affect the measured one-dimensional PS on much larger scales. The non-vanishing
trispectrum introduces an extra term, T'p(k3, k%), to the covariance of the one-dimensional PS (see equation 23). Although it is possible to
derive an approximate trispectrum based on the halo model (e.g. Cooray & Hu 2001), the one-dimensional projection, unfortunately, obscures
the contribution of the trispectrum to the one-dimensional PS. Therefore, numerical simulations are necessary for the study.

Three N-body simulations of 256* cold dark matter (CDM) particles are used to quantify the covariance of the one-dimensional PS.
The model parameters are largely consistent with Wilkinson Microwave Anisotropy Probe (WMAP) results (Spergel et al. 2003), e.g. (€2, 2y,
Qa, h, 08, n)=1(0.27,0.04,0.73,0.71, 0.85, 1), where €2 is the cosmic matter density parameter, 2}, is the baryon density parameter, 2, is
the energy density parameter associated with the cosmological constant, o g is the rms density fluctuation within a radius of 8 A~! Mpc, and
n is the power spectral index. The box sizes of the simulations are 128 2~! Mpc (labelled as B128), 256 h~! Mpc (B256) and 512 h~! Mpc
(B512). The baryon density parameter €2y, is used only for the purpose of calculating the transfer function using LINGER (Ma & Bertschinger
1995), which is then read by GRAFIC2 (Bertschinger 2001) to generate the initial condition. The CDM particles are evolved from z = 44.5 to
the present using GADGET (Springel, Yoshida & White 2001). Additionally, GRFs are generated with the same box sizes as those of N-body
simulations for comparison and are labelled as R128, R256 and R512, respectively.

The simulations produce snapshots at z = 3 and 0. For each snapshot, the particles are assigned to a density grid of 512% nodes using
the triangular-shaped cloud scheme (Hockney & Eastwood 1981). LOSs are then sampled on the x;—x, plane, and each LOS is extracted
with full resolution along the x3-axis. Because the density grid has a finite resolution, both the coordinates and the wavenumbers are discrete
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surveys can still be consistent with standard cosmogonies (with considerations of effects such as redshift distortion and non-Gaussianity; see,
for example, Kaiser & Peacock 1991; Park & Gott 1991; van de Weygaert 1991; Amendola 1994). One may also infer the one-dimensional
density field and measure the PS from the Lyo forest. Because the Lyo flux is the direct observable, many works have been based on flux
statistics, which are then used along with simulations to constrain cosmology. Using N-body simulations and the pseudo-hydro technique,
Zhan (2003) find that the mapping between the nearly-Gaussian Ly flux PS (Zhan 2004) and the underlying one-dimensional mass PS (in
redshift space) has a much larger scatter than that between the flux PS and the one-dimensional linear mass PS. This is expected because the
one-dimensional PS of the cosmic density field has a variance much higher than the Gaussian variance. Therefore, one can measure the Lyo
flux PS precisely with a small sample of LOSs, but to recover the mass PS to the same precision more LOSs are needed.
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